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ABSTRACT: We in this paper have presented a model to assess the self and mutual impedances of power cables. We have
introduced relations and experimented them for accuracy and reliability. We have described the single core cables with metal
sheets and the cross-bonding. We have tested the model and the impact of metal sheets are elaborated in the work.
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1. Introduction

During the realization and exploitation of power transmission lines, it is of great importance to know values of serial self and
mutual impedances of cables. It is well known that serial self impedances of the conductors and metal sheets can be determined
as a sum of internal and external impedance values. The relations for determining internal impedance of the conductor with
circular cross-section are proposed long time ago. During the time, increasing value of transmitted energy resulted in enlarging
conductor crosssections (3000 mm2), as well as in improving constructing solutions for cable realization. In these cases, it is not
possible to apply above mentioned, previously proposed relations. On the other hand, main problem in determining external self
and mutual impedance is taking into account earth as the return current path. The expressions for determining ground return
path impedance for known current frequency are known for almost one century. Those relations are not easy to apply for
engineering purposes, since they include calculation of modified Bessel function of complex variable and numerical solving of
definite integrals. In order to avoid such difficulties, a large number of simplified engineering relations has been developed.
They are often applied without knowledge about their accuracy or about assumptions and neglectings under which these
relations are evaluated. A review of relations for calculating self and mutual cable impedances is given in the paper. On one
example, the accuracy of presented relations has been tested. The problems of single-core cables with metal sheets placed in the
ground, earthed at both or one end, with or without cross-bonding are especially discussed.

2. Theoretical Background

2.1 Expressions For Three-phase Transmission Line
The three single-core cables which form three-phase transmission line are observed, Figure 1. The cables are laid in flat
formation, which is usual for high voltage cables. Phase conductors are marked with 1, 2, and 3, while their metal sheets are
labeled with 4, 5, and 6. Having in mind the mentioned marking of phase conductors and metal sheets, the following matrix
equation can be formed:
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(1)

Figure 1. Three single-core cables laid in a flat formation

Relation (1) has general form and can be applied for arbitrary position of the cables. With zii = 1, 2, 3 self impedances per unit
length of the loops conductor-return ground path are labeled, while zii = 4, 5, 6 denote self impedances per unit length of the
loops metal sheet-return ground path. Also, zij =  zji, i ≠ j, denote corresponding mutual impedances per unit length, while x is
coordinate along the cable route. Obviously, for cables from Figure 1 it is z11 = z22 = z33 and z44 = z55 = z66. The radial density
distribution of the current flowing through metal sheets depends on the currents flowing through phase cable and currents
having closing path outside metal sheets. For taking into account this influence, instead of (1), expression (2), formed for loops
cable-metal sheet and metal sheet-return ground [1], is used:

(2)

where it is

Previous relation is formed for cables with metal sheets, but without armature. The same procedure can be applied for the cables
with armature and results in more complex relation for determining matrix elements of dimension 9x9. In previous expressions, zps
is internal impedance per unit length of the cable, ziz is insulation impedance per unit length, zeu is internal impedance per unit
length of the metal sheet with internal return path, zes is internal impedance per unit length of internal impedance of metal sheet
with external return path, zlm is mutual impedance per unit length of the loops cable-metal sheet and metal sheet-return ground
path, zzs is self impedance of the ground, while zl45 = zl54 = zz12, zl46 = zl64 = zz13 = and zl56 = zl65 = zz23 are mutual impedances per
unit length of the ground. For system from Figure 1 it is zl45 = zl56. After simple transformations, expression (2) can be reduced
to the form (1) where it is
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(3)

Since expression (2) can be transformed into form (1), expression (1) can be assumed as general.

2.2 Internal Impedance of Conductor and Metal Sheet
The resistance per unit length of the cable conductor for DC current versus temperature can be determined as

(4)

where  R′0 labels the resistance of the cable conductors for DC current at 20°C [2], α is temperature coefficient of the resistance,
while θ is conductors’ temperature. For AC current, there are skin and proximity effects, causing the resistance increasing. For
determining AC resistance, in [2] the following relation is used

(5)

In (5) ys is coefficient which models skin effect influence, while yp value models influence of the proximity effect. From complex
form of Maxwell’s equations system, the following expression for internal impedance per unit length of the conductor cable with
circular cross-section of radius rc can be derived:

(6)

In (6), J0 labels Bessel function of the first kind of zero order, while J1 is Bessel function of the first kind of order one. With δc the
penetration depth is labeled:

(7)

where ω is angular frequency, μ is magnetic permeability and r is specific resistivity of the conductor. Since penetration depth at
frequency 50 Hz is about 9,35 mm, for cross-sections between 25 mm2 and 2500 mm2 it is 0, 3 < rc /δc < 3. Using the first three terms
of series expansion of Bessel function, the simplified relation is obtained:

(8)

For interval 0, 3 < rc /δc < 3 the following relations provide error less than 3%:

(9)

Previous expressions were used until 2014. godine in IEC 60287 − 1 − 1, for xs ≤ 2, 8. The increase of power results in enlarging
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the cable cross-section with strongly present skin effect. In order to neutralize skin effect, various solutions (conductors made
of lacquered wires, or isolating conductors’ segments) are applied. For calculating these types of cables, in [3] new values of the
coefficients for existing expressions are given. For conductors with circular cross-section, for xs ≤ 2,8, relation (9) is recom-
mended. For other interval it is

(10)

(11)

Using previous expressions, the error is less than 0,6% in complete interval. For cables with segment conductors, in IEC60287-
1-1, published in 2014, relations (10) are accepted and coefficients values cp and cb are given.

Proximity effects are modeled in standard IEC60287-1-1 with expression

Internal reactance of the conductor, i.e. internal inductance, can be determined from imaginary part of the expression (6).

Relation (8) provides calculation of internal inductivity with accuracy better than 3% for rp /δc ≤ 1, 3 (cross section about 460 mm2

at 50 Hz). In [4], for rp /δc ≤ 2 the following expression is proposed:

(12)

and for rp /δc > 2 (cross-section larger than 1000 mm2 at 50 Hz):

(13)

Internal impedance of cylindrical conductor of circular cross-section can be determined as

(14)

It can also be applied for calculate the metal sheet impedance when the return path is through the armature (labelled as zes in (3)).
In [5] the following approximation is proposed:

(15)

Internal impedance of cylindrical conductor with internal return path can be determined from expression:

(16)
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Applying (24), metal sheet impedance labeled with zes in (3) can be determined. Since the thickness of metal sheet is very small,
the non-uniform current distribution in metal sheet can be neglected. Consequently, the resistance of metal sheet can be
determined as DC resistance. Insulation impedance in (3) can be determined from expression:

(17)

where rou and rin are outer and insulation radius, respectively Expression (25) can be used to determine ziz in (3), adopting that
rou is inner radius of metal sheet, rei, while rin is radius of the conductor rc. Also, equation (3) can be applied to determine zeiz,
where rou is cable radius, while rin is external radius of metal sheet reo. Mutual impedance of the loops conductor-metal sheet and
metal sheet-return ground path zlm is determined as:

(18)

2.3 External Mutual and Self Impedances
The procedure for calculation of external impedances needs to include soil characteristic, as a part of return current path. Basics
for determining values of impedance per unigt length of the conductors placed above the ground or in the ground are given in
[6] and [7]. Carson’s relations from [7] are little bit simpler, but they are formed for a conductor above ground, since the approach
from [6] provides possibility for analysis of the conductors placed in the ground. The expressions are formed for lineical
infinitely long conductor and infinitely deep ground. The expressions for calculating external self and mutual impedances are
also given in [5]. They have different form from the ones in [6], but essentially the expressions are identical. Those expressions
are:

(19)

and

(20)

In previous expressions K0 labels the modified Bessel function of the second kind of zero order, R radius of the conductor or
cable, while m = √jωμ0σz is complex propagation constant of EM waves through the ground, (σz = σz + jωεz, where εz is dielectric
permittivity of the ground).

If non-uniform current distribution in metal sheets is considered, expressions (1) -(2) in combination with (3) are applied, where
R is cable radius in expression for zzs, while zz12, zz13 and zz23 in (3) are determined from expression (20). Dimension d, D, hm and
hn can be noticed from Figure 2. (1 denotes ground and 2 denotes air).

Integral in (19) and (20) cannot be solved in closed form and it is necessary to apply numerical integration. For this reason, there
are many published papers with proposed procedures for approximate solution of (19) and (20). Very often, Carson’s relation [7]
has been applied with integral that is a little bit simpler for approximate numerical solving than the one from [6] (expressions (19)
and (20)). Namely Ammetani proved that Pollaczek expression [7] can be reduced to Carson’s expression [6] by substituting

 with  in (8), which provided possibility for using Carson’s expression for determining impedance of
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Figure 2. Two cables in the ground

the conductor placed in the ground. Using Carson’s’ expression also results in simpler approximation which includes complex
depth of return path. Expressions for external impedance proposed by Carson include impedance for ideal conducting ground
and corrective factors ΔR and ΔX:

(21)

(22)

After some numerical procedures for determining approximate value of external self and mutual impedance (in details presented
in [7]), it is obtained:

(23)

In (23) it is

(24)

The relation for determining self-impedance, that includes complex return path (i.e. complex depth p=1/m) is given in [9] as:

(25)

Neglecting conductor’s height above the ground h and imaginary part of σz, expression (25) can be reduced to [10],

(26)

Very accurate approximation for external self and mutual impedance is given in [5]
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For σz = σz + jωεz ≈ σz from (27) - (28), it is

(27)

(28)

where it is

(29)

(30)

3. Numerical Results

The 400 kV power cable of Milliken type with cross-section 2500 mm2 with isolated cupper conductors is observed. Metal sheets
are made of aluminium of cross-section 500 mm2. Three single-core cables are placed in a flat formation at the depth 1m, with
mutual distance between axis of 0.3 m. The conductor temperature is 90o C, while metal sheet temperature value is assumed as
70o C.

In Table 3, results for internal impedances of metal sheets, obtained in two different ways, are presented. The first group of
results is obtained using Bessel functions in expression (3) (complete model). The second group is calculated using simplified
relations (29)-(30). Impedances in (3) are calculated by numerical integration of Pollaczek relations (19)-(20). In both cases, the
same value of conductor internal impedance is used.

Impedance Complete model Simplified model

z11 [Ω/km] 0,060066 + j 0,661113 0,0599476 + j 0,661171

z44 [Ω/km] 0,1177101 + j 0,600938 0,117266 + j 0,601210

z41 [Ω/km] 0,0494655 + j 0,601135 0,0493480 + j 0,601210

z12 [Ω/km] 0,0494646 + j 0,505118 0,0493480 + j 0,505152

z13 [Ω/km] 0,0494646 + j 0,461566 0,0493480 + j 0,461601

Table 1. Self and mutual impedance of the 400 KV cable (2500 mm2) in a flat formation

4. Conclusion

The review of the relations for determining self and mutual impedances of the cable is given in the paper. Afterwards, the
accuracy of presented relations is tested. The problems of single-core cables with metal sheets earthed at both or one end,
with or without cross-bonding are especially discussed. Considering the presented results, it is obvious that simplified
relation can be applied, since the maximal error, which exists in results for mutual resistance, is less than 0, 3%.
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