Point Triangulation using Graham’s Scan
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ABSTRACT: In this paper, we propose a triangulation method for a set of pointsin the plane. The method is based on the idea
of constructing convex layers by Graham's scan. It allows to develop an algorithm with the optimal complexity of O(NIogN)
and an easy implementation. First, convex hulls are constructed for the set Sof N points, forming k layers. Then, each layer is
triangulated in one scan of the adjacent convex hulls. Algorithm is easily parallelized: each layer can be triangulated
independently. The main feature of the proposed algorithm is that it has a very simple implementation and the elements
(triangles) of the resulting triangulation are presented in the form of simple and at the same time fast data structures:
concatenable triangle queue or triangle tree. This makes the algorithm convenient for solving a wide range of applied
problems of computational geometry and computer graphics, including simulation in science and engineering, rendering and
mor phing.

Keywords: Triangulation, Convex hull, Set of points, Convex layers, Graham'sscan
Received: 28 June 2014, Revised 2 August 2014, Accepted 10 August 2014

© 2014 DLINE. All Rights Reserved

1. Introduction

This paper proposes an optimal triangulation algorithm for a set of pointsin the plane. The main advantage of triangulation is
that from an object, which is potentially very complex, we can move on to more simple polygons (triangles) for their further
study.

Relevance. Today, there exist anumber of efficient algorithmsfor solving the problem of triangulation of aset of points[1]. The
following groups of triangul ation algorithms are distinguished: iterative algorithms (least efficient and quite difficult to implement)
[2], algorithms, based on the «divide-and-conquer» strategy (the fastest and relatively easy to implement) [2-5], direct construction
algorithms (have good (even linear) average construction time, easy to implement) [6] and two-pass algorithms (most difficult to
implement, not very effective) [7].

In my opinion, most effective are triangul ation methods, based on the «divide-and-conguer» strategy, that have time complexity
O(NlogN) in worst and average cases [2-5]. Among them, algorithms that use concatenable queue data structure at the merge
step can besingled out [4, 5]. These algorithms give optimal resultsin terms of computational complexity — 6 (NlogN), butitis
desirableto have a simpler implementation. So naturally, the question arises—isit possible to devel op an algorithm that would
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give high efficiency and at the sametime would be simpleto implement? Once again, we stressthat thisisimportant in terms of
practical use of the algorithm. An example of such method is Graham'’s algorithm for construction of convex hulls, that has
optimal computation complexity and at the same time is very easy to implement [8]. This method has inspired to develop a

triangulation algorithm as efficient and simpleinimplementation asthe algorithm for convex hull construction.

Goal. Develop atriangulation al gorithm based on the Graham’s method, which would have optimal time complexity (6 NlogN))

and at the same time would be easy to implement.

Originality. A new algorithm for triangulation of a set of pointsis proposed in the paper. The new algorithm is based on the

Graham’s method and has an optimal complexity of 8 (NlogN).

2. Problem and Solution

Problem. Triangulate the set Sof N pointsin the plane using Graham'’s scan with the time complexity of 6 (NlogN).

2.1Method of Solvingthe Problem
Let Sbethe set of N pointsin the plane, Figure 1.
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Figure 1. Example of an input set of points

1. According to the Graham’s method, wefind centroid q (xq Yq ) of thefirst three noncollinear points. For example, infigure 1it

isthe centroid for points P, P,, P, with coordinates Xq Vg accordingly Figure 2 :
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Figure 2. Definition of point g
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2. We sort the given set Sof N points by their polar angle (counterclockwise), getting an ordered list U. For our example from
figure1, wewill getU={P,, P, P, P, P, Pg, P, P, P, Py, P, P.}.
3. We use the Graham’s scan for thelist U, asaresult obtaining the convex hull for the set Swith the boundary CH (S) = {P,

P, Py Py P,y P}, Figure3.
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Figure 3. Convex hull for S
4. For the set of points S, remaining inside the convex hull, we construct convex hull CH(S)) using Graham’s scan. Similarly,
we construct convex hullsCH (S)), ..., CH (§) for thefollowing sets S, ..., § , until itispossible, Figure 4.
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Figure4. Constructing convex hulls

5. Accordingly we triangulate layers, which are formed by the adjacent convex hull boundaries, Figure. 5. This can be done
even during each subsequent scan, and in case of possibility of parallel processing, each layer can be triangul ated
independently.

CH(S)

Figure5. Triangulating of convex layers
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3. Data SructureConstruction

The question arises, how to present the resulting triangulation in the form of a certain data structure that could be used for
processing and solving the following problems: coloring, finding intersections, morphing, rendering, Bool ean operationsetc. In
this case, the triangulation procedure provides a convenient way for its maintenance, namely:

1) During the scan of construction of every new triangle, we assign it aname and add it to the created, cyclically ordered list of
such triangles. Figure. 6 shows an appropriate example.

Figure 6. Construction of thelist of triangles:”’={ 1, 2, 3,4,5,6, 7,8, 9,10, 11, 12, 13, 14,15}

2) Theformed list can be presented in the form of a concatenabl e queue (Figure. 7), which maintains connectivity in each
layer (blue and brown lines) and contains pointers to the links between the edges of the adjacent layers (green lines).

Thisallowsto carry out looarithmic search for the trianaul ation on anv laver and in anv direction.

.
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Figure 7. Datastructurein theform of alinked queuefor fig. 6. First layer edges {1,2,3,4} aremarked inred,
second layer edges{5, 6, 7, 8,9, 10, 11, 12, 13, 14,15} aremarked in blue

3) The actual layered triangulation can be presented in the form of abinary edge tree (Figure 8), which maintains connectivity.

Using this data structure, logarithmic search can be carried out from any triangle.
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4. Complexity

Theorem. The proposed algorithm has the same time complexity as Graham’s method for convex hull construction — O(NlogN)
and uses linear space.

Proof. 1%, 2"¥and 3" steps are steps of the Graham'’sa gorithm and they require O(N), O(NlogN), O(N) time respectively. 4" step
isthe Graham’s scan and it requires O (N) time, but for the set of points, left after step 3. 51 step — layer triangulation, which is
carried out (considering the ordering of pointsat the border of each convex hull by their polar angle) in one scan using O (N) time.

Figure 8. Data structure in the form of abinary edge tree

5. Conclusions

An optimal method for triangulation of aset of pointswith the complexity of O(NlogN) is proposed in the paper. Thisalgorithm
is based on the Graham'’s scan for computing the convex hull. First, convex hulls are constructed for the set S of N points,
forming k layers. Then, each layer istriangulated in one scan of the adjacent convex hulls. Algorithmiseasily parallelized: each
layer can betriangulated independently. The main feature of the proposed algorithmisthat it hasavery simpleimplementation.
The algorithm has application to solving awide range of applied problems of simulation in science and engineering.

Thefeature of the proposed method isnot only simple process of triangul ation constructing, but also convenient representation
of itselementsfor the further use in the form of data structures. These data structures are concatenable queue or a binary faces
tree.
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