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ABSTRACT: Cohen-Grossberg neural networks which include Hopfield neural networks and Cellular neural networks as
special cases and have important applications in many fields are researched by many authors. There is few results on
synchronization control of delayed Cohen-Grossberg neural networks. In this paper, the synchronization control of delayed
Cohen- Grossberg neural networks with diffusion terms is discussed by constructing suitable Lyapunov functional and using
inequality techniques. Instead of the linear control term, we consider a class of nonlinear control term. Some sufficient
conditions are given to ensure the synchronization control of the drive-response delayed Cohen-Grossberg neural networks
with reaction- diffusion terms. A numerical example is presented to verify that the results in the paper are correct.
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1. Introduction

Cohen-Grossberg neural networks(CGNNs) were first introduced by Cohen and Grossberg in [7]. The class of networks include the
traditional neural networks such as Hopfield neural networks(HNN) and Cellular neural networks(CNN) as special cases and have
many good applications in parallel computation, as- sociative memory and optimization problems and so on. Because these applications
heavily depend on the dynamical behaviors of the neural networks and the analysis of the dynamical behaviors is the necessary step
to design of neural networks, many results on the dynamical behaviors of the networks can be found in [8]-[9].

Since Pecora and Carroll introduced chaos synchronization by proposing the drive-response concept in 1990s[1]-[2], the
synchronization of coupled chaos systems and chaos neural networks has been received considerable attention due to its

applications in creating secure communication system[3]-[6].

Recently, chaotic behaviors produced by neural networks have also been investigated. Several different approaches including
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some conventional linear control techniques and advanced nonlinear control schemes to achieve synchronization of neural
networks have been proposed[10]-[11]. However, since time delays may led to bifurcation, oscillation, divergence or instability
which may be harmful to a system, the study of neural dynamics with consideration of the delayed problem becomes extremely
important to manufacture high quality neural networks. Therefore, the models with time-varying delays and continuous distributed
delays are more appropriate to the synchronization of neural networks. Synchronization criteria for coupled delayed neural
networks with constant time delays and time-varying delays have been proposed in Refs [12]-[13] based on the Lyapunov
functional method.

Both in biological and artifcial neural networks, diffusion effect cannot be avoided when electrons are moving in asymmetric
electromagnetic field, thus we must consider that the activations vary in space as well as in time. To the best of our knowledge,
few authors have considered synchronization control of diffusion CGNN with delays. But it is important in the-ories and
applications. In this paper, we will investigate exponential synchronization of a class of reaction-diffusion CGNN with time-
varying delays.

This paper is organized as follows. In section 2, model description and main result are given. In section 3, by employing
inequality techniques and constructing suitable Lyapunov functional, some sufficient conditions are obtained to ensure the
synchronization control of a class of reaction-diffusion CGNN. Section 4 presents a numerical example to verify that the results
in this paper are true. Section 5 is the conclusions of the paper.

2. Model description and main result

Consider the following delayed reaction-diffusion Cohen-Grossberg neural networks with Neumann boundary conditions:

Ou; (xt) ia i (x1) a; (u; (x,8))-| i (u; (x,0)) ch,g,(j(x’t)) Z jgj( (Melj(t))) >0
k=1

axk
aui (X,t)

\4

ui (xt)=9; (x),-1<t<0,x € Q, =0, (xeoQ,t>0). )

Where i = 1,..., n. n is the number of neurons in the networks. Q is a bounded open domain in R” with smooth boundary 4 € and

mes€) > 0 denotes the measure of Q. 4 denotes the differentiation in the direction of the outward unit normal to 3 Q. u(x,?) =
dv

(u,(x,0),....u (x, )7, u(x,t) denotes the state of the ith neural unit at time 7 and in space x< €. a, and b, represent an amplification

function and an appropriately behaved function, respectively. ¢, and ki/ are the coefficients without and with time-varying

delays, respectively. 9,-,-(f) corresponds to the transmission delays'along the axon of the jth neuron form the ith neuron at time ¢
and satisfies ‘

0<6,()<t, 9,-,-(0 <p<l

where T> 0 and p < 1 are given constants. g(.) is the activation function with g (0) =0, (i = ..., n). I, denotes input of the ith
neuron. ¢ (x,)) =(¢ (x,0),....@ (x, )T (where @(x, 7) is given smooth function defined on €2 x (-7, 0) with the following norm

n
||(P||2=\lzlfg(pi(x, R dx
=

where [,(x,.) |, =sup___ 19,5 5)].

Throughout the paper, we always assume that system (1) has a smooth solution u(z, x) with the norm

[luC. D|l,= \/21{1—1 fQ |u,(x, 1) P dx,Vt=(0, +a=)

Letv=(v,,..., v”)T be the control input vector and v, stands for the external control input that will be appropriately designed
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for an certain control objective. In this paper, instead of that the control input vector v=(v,..., ;” )T is assumed to take as the
follows.

(Vs VN =M (5, 8) = 0y (5D 1 (5,0) = 10 (5,0))T
where M= (Ajll _j_)mm is the controller gain matrix.

We consider the nonlinear control input vector v= (v, ..., v”)T which satisfies the follows.
O VTS M (Ju, (5, 0) - 0, (35,0, (6,0) - 2 (x,2) )T Q)

where M = (Ml.j)mm is also called the controller gain matrix and will be appropriately chosen for the syn- chronization control in
both drive system and response system.

Zl.(x, 1), (i=1,..., n) satisfy the following response neural networks:

Q0 50 THCRD_ e 0b, 5 (5.0 3, 0 (520 8 (-6, () -1, (0.1 > 0

ot k=1 x,f

dii, (x,1)
v

i, (x,t)=y,(x,1),-7<t<0,x € Q, =0,(xedQ, t>0) ©)

Wherei=1,..,n. y=(y ... I//n)T, v (x,8) (i=1,..., n) are bounded smooth functions defined on Qx (-7, 0).

In this paper, we always assume that:

(H1) There exist positive constants m and M, such that 0 <m  <a(u) <M, i=1,.., n. Moreover, forany i =1,..., n,a(.) is
. . . . A .

differentiable and there exists positive constant I', > 0 such that I', = sup xe R{ai(x)} > 0.

(H2) b(.) is differentiable and there exists a positive G, > O such that 0 <5, <G, foralli=1,..., n.

. A
Furthermore, 5(.) is the derivative of b (.) and o, = inf e RDI(x)} > 0.

(H3) There exist positive constants Bi >0and A, >0 foranyi=1,.., nsuch that

||gi|| :Sup|g[(u)| <A, |gi(x[)_g[(y[)| <pB |x[ _y[|’ VX, €R.

(H4) There exist constants ép?’g,w’?,y (i,j =1,...,n) such that for all i =1,..., n, it holds

n

—2a,m, +T, {GI. +|1|+ Z}(|kﬁ|Aj)} + Zn:‘[(ﬂj |Cif|)2‘f" +(ﬁf |kij|)2n, ]
J J=

+ i[(ﬂz |C‘/i|)2*25/1 +1_L(ﬁl |kﬁ|)2*27,, }+ i“MU |2n,, N |Mﬂ.|272’7’” } -0
j=1 P 2

Definition 1. The drive system (1) and the response system (2) are said to be controlled syn chronously if there exist positive
constants ¥ > 0 and € > 0 such that

lluC., ) = (., DI, <¥llo—wll, e, V=0,

where the constant € is said to be the rate of synchronization control.
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The main result is the following theorem:
Theorem 1. If (H1) - (H4) hold, then the drive-response neural networks (1) and (3) are controlled synchronously.

Remark 1. Let élj == nij=% , then (HA) can be changed into the following (H4),:

oam +r{q +|1[|+i(|kg|Aj)}+jz:[(ﬂj|c[j|)+(ﬂj|k,,.|)]

Eliake ]l

Then we have the following corollary:
Corollary 1. If (H1)-(H3) hold, furthermore, (H4), holds, then the drive-response neural networks (1) and (3) are controlled

synchronously.

3. The synchronization of the drive and response neural networks

A ~ ~ .
Let us define the synchronization error signal €, (x, 1) = u(x, t) - u(x, 1), where u(x, #) and u(x, t) are the ith state variable of the
drive and response neural networks, respectively. Therefore, the dynamics error between (1) and (3) can be expressed as the
follows.

0g,(x,1) i 0%, (x,t)
ot k=1 @xkz

+a[(ﬁ,<x,t>>.[b,-<a[(x,r>>-ic,-,g,- (z@-(x,t))-ik,,-gj@(x,t-a-j-(t))-I[)]

-, (1, (60) 1B, (6. 0)- Y. 6,2, 0, (6.0)- D by, (-6, 1)

—V,.(x,t),el.(x,t) = (p,.(x,t)—l//,.(x,t), —7<t< Osw
A4

=0, (xeoQ)

Where i = 1,..., n and the control input vector v(x, £) = (v,(x, 9), ..., v (x, 1)) which satisfies the condition (2) has been mentioned
above.

Then we have

0&,(x,t) 3 o’ (x

0 axz,t)—(ai (1, (6,0) — (i, (5,1))). bi(ul.(x,t))—Zn:ci/.gj(uj(x,t))-Zn:kl.jgj(uj(x,t—é’ﬁ(t))-I,.)}

~a,(a (v t».[b[ (0,0~ b, @, (1)~ Y (2, (ea0) = &, (e.0) = S, (3, G, (oot - 6,6) g, (-6 (r))))}

0,6 (50 = ) ), 20 0, (e 00) @
4

By (H4), there exists a sufficiently small positive constant A< min_{am } such that

Wi=A-am J%{F" {G" +|]+ jzn“(|kl.j|/\j)}+ ji[(ﬁj |Cij|)2§ij +(,B,- |kz'j|)2yij }

-1
+ZH‘;{(IBJ. |Cﬁ|)272§ﬁ +%(ﬁj |kﬁ|)227ji:|+il|:|My‘|2'7ij +|Mji|2*2'ljl' }} <0
J= i

Taking Liapunov funcional as follows:
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ZI & (x t)eur .Ll_gij(t)gjz»(x,s)eu(ﬁr)ds dx

Calculating D+V (¢) along system (4), we have

D+V (1) <284 Y W[ & (x,0)dx <0,
i=1

where . is defined in (5). It means that

(8l
n n . i 0 stz
V(t)SV(o):l;jQ gf(x,())+§#j 0051 G ) ds | dx

Let
~ 62/12' -1 & 2-2y;
Y—l+mi§:“1(ﬂj|kﬁ|) >1
ForV ()= "8 ||§ e* itholds:

) e e Y
thatis

()=o), < Xl -yl e

by Definition 1, we know that the drive-response neural networks can be controlled synchronously. So we finish the proof of
Theorem 1.

4. Example

Consider delayed Cohen-Grossberg neural networks with reaction-diffusion terms

Ouy (x,1) 0%y (x,1)
- 2

2 2
i DA 0) = D 1 0y 00 = Dk 0 (0 =50 + RO

ot
0 0*
uz(;jf,t) uz(x 1) = ay (uy (x,0))[by (uy (x,0)) — ZCZ 18 (u;(x,1)) ~ Zkz 18, (et —1,(0)) + 1, (1)), ©)
u;(x,0) =@, (x,1),—-7<t<0,xeQ,1=1,2 —6uia(x,t)=0’ xedQ, i=12.
%

The corresponding response neural networks can be expressed as follows.

oiiy (x,t) 8%y (x,t)

2 2
— ay iy (e, )y (@, (1)) = 3,8 @ (6, ) = Dk g @ (= 1, (0)) + 1 (0) + vy ()],
j=1 j=1

D
ity (x,0)  D%ily(x,1) 3 s 2 N 2 N
o a2 @ (i (%, )by (i (X, 1)) = D €58 (i1, (x,00) = D ey 8 (@ (x,8 = 1,(1))) + L (6) + v, (x,0)],
j=1 j=1
i,(x,0) =@, (x,0), ~7<t<0,xeQ,[=1,2 %:o, xedQ, i=1,2. ™
|4

Let Q be a bounded open domain with |Q| <l1.
Let a;= 6 + cos u,(x,t) and a,= 3-cos u,(x,¢) satisty (H1) with m;=5, M,=7, m,=2, M,=4,T',=1,T,=1.
11

Let b= 5u,(x,t) + % tanh u, (x,7) and b, = 6u, (x,¢) + %sin u, (x,t) satisfy (H2) with o= % a, :?.

Journal of Networking Technology Volume 2 Number 4 December 2011 143




Let g, = sinu(x,7) and g,= sinu, (x,7) satisfy (H3) with £i=1, f,=1,y; = 1,4,/ =1,2and A; =1, A, = 1.

1 1 1 1
Letc, =0,i,j=12and k;, = —., kj, =—, k) = —, k), = —.
ij J 175072 g T 502 T )

Letp=1/2,1,=2 +%and I,=1 —13—ttbe bounded functions. And the control input vector (v, (x,?), (v, (x,0))" satisfy the
+ +

following condition

~ - T
)" <M (Juy Ge,t) - (e, 0|, [uy (es0) - 1, (e, 1)])
where M|, = 1/3, M|, = 1/6, M,,= 1/6, M,,= 1/3.

By simple calculation, we can choose

..
51] :YU = 771’]‘257 (l:j = 172)
Such that

—2a,m, +22:r1 ((|cl_/|+|k1j|)Aj +|11|) (M Jhe | B+ M k| ) < 0.
Jj=1 J=1
Similarly,we have
2 2
—2aymy +3 T ((|CZ_/|+|k2/’|)AJ +|[2|) " Z(Mz |k2/|ﬂj M |k-/2|’82) <0
= ‘

Jj=1

5. Conclusion

In this paper, the synchronization control of delayed Cohen-Grossberg neural networks with diffusion terms is studied. Some
sufficient conditions expressed by algebra inequalities have been given to ensure the synchronization control of Cohen-
Grossberg neural networks with diffusion terms. The methods used here can be used to deal with the exponential synchronization
of general problems. The result obtained in this paper is still true for other delayed reaction-diffusion neural networks.
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