Construction of Physical Rebound Model Between Ping-Pong and Table /Racket
Based on Critical Friction Angle
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ABSTRACT: Based on the analysis of force, impulse and impulse moment in the rebound phenomenon between ping-pong
and the table/racket, this paper introduced the concept of critical friction angle and provided a criterion to determine
whether it was rolling or sliding between ping-pong and table/ racket so that the physical rebound model was acquired.
Besides, a kind of rebound model based on multiple linear regression(MLR) was acquired by the knowledge of algorithm.
Finally, this paper proved the effectiveness of the two rebound models by parameter estimate, experiment verification and
error analysis.
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1. Introduction

Because of itsrapid and accurate feature, this sport has raised more requirements for the ping-pong robot, which attracts great
attention of many researchers both at home and abroad. This paper gave a summary of the research status on the ping-pong
robots both at home and abroad from the perspective of visual system, control system and performing structure[1].

In playing ping-pong by robots, it is required to manage the tracking and trajectory prediction of fast-moving ping-pong balls,
aswell as control therobotsto hit theball[2]. In other words, asto robots, the task of playing ping-ping with human partners can
be divided into several subtasks. Firstly, they should acquire the flying trajectory of ping-pong by visual sensor(intelligent
high-speed camerain general), carry out image processing at once and then measure the location, velocity, angular velocity and
other flight conditions of ping-pong. Secondly, they should make a tragjectory prediction in the next period by analyzing the
acquired flight conditions and flying trajectory of ping-pong, namely the location, velocity and angular velocity. Thirdly, there
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should be amotion planning for these robots so that they can be controlled to hit the ball in a certain location and in a certain
posture and finally reach the goal of hitting balls.

Itisshown in the process of controlling ping-pong robots that the rebound model between ping-pong and racket/table playsan
important role in the accurate prediction of the flying trajectory and in the design of the motion control planning. When ping-
pong collideswith the table/racket, it will produce some rotation under the effect of friction. Thusthereis supposed to be ashift
in theflying trajectory after rebound under Magnus Effect. Therefore, the rebound model between ping-pong and racket/table
isattracting more attention of moreresearchers. Zhang, et al.[ 3] assumed that therewasalinear rel ation between the velocity in
two directions parallel to the contact plane. In the normal line direction on the contact plane, the velocity after collision was
acquired by elastic restitution coefficient. There would certainly be an energy lossin the rebound process between ping-pong
and table. The energy loss was expressed by the rate of velocity loss in the horizontal direction and the restitution coefficient
inthevertical direction[4]. Thetwo modelsabove failed to take the rotation of ping-pong into consideration, which failed to be
applied widely thus. Andersson [5] reveal ed that the rebound result was decided by the vel ocity of ball, angular velocity, and the
property of ping-pong and table. In the normal line direction on the contact plane, the status after rebound was decided by
restitution coefficient. In the horizontal direction, the rebound velocity of ball was dependent on the rotation vel ocity of ball,
friction of table and the rebound coefficient in the vertical direction. However, he simply provided the qualitative theory in his
paper without the analytic expression of rebound model. There were also two papers[6-7] providing a criterion to determine
whether it wasrolling or sliding between ping-pong and hitting surface by the analysis of the contact types between ping-pong
and hitting surface. Then, the analytic expression of rebound model was acquired, but too many assumptions within these two
papersfailed the wide application of thismodel.

2. Problem Analysis

Thedifficulty in analyzing the collision process between ping-pong and some plane liesin three aspects. Firstly, the process of
energy transformation is quite complex. The ping-pong itself and the contact planeislikely to be elastic. When the ping-pong
collides with the hitting surface, it is hard to determine whether and how many the kinetic energies of ping-pong will be
transformed into elastic potentia energy. Secondly, it is hard to determine the relative motion between ping-pong and hitting
surfaceisrolling or sliding or the combination. Thirdly, it is hard to determine whether thereis any friction between ping-pong
and hitting surface and how much friction thereis. The uncertainty of these problems leaves some difficulties on construction
of thismodel.

Physicians have made some scientific achievements in deeper studies on this. Garwin introduced the restitution coefficient
paralel tothe contact plane, and put forward a method to detect whether the mutual reaction between ping-pong and plane was
rolling or sliding or the combination[8] and detect whether the kinetic energy was reserved as el astic potential energy. Without
considering the ping-pong compression, Brody analyzed the effect of plane friction and acquired that it was rolling friction
between ping-pong and plane, which was related to the translation and rolling vel ocity before rebound. Cross made an analysis
of the effect of ping-pong with different properties and fixed plane, and made deeper studies on the mutual reaction and
restitution coefficient in the vertical direction. Itisshownin al literature above that friction and resilience play adecisiverole
in the rebound process. In the rebound process of table, the friction plays a major role, and its amount depends on the fact
whether the rel ative motion between ping-pong and tableisrolling, sliding or the combination. However, in the rebound process
of ping-pong and racket, resilience plays a leading role. Physical scientists also made several studies and acquired a lot of
qualitative results. For example, in thetwo papers] 6-7], they analyzed the collision process between ping-pong and racket based
on rotation theorem. Moreover, they introduced the definition of hitting friction angle and made a qualitative discussion over
the influence of hitting friction angle on the passing vel ocity, rotation effect and hitting action.

This paper based on the paperg[ 6-7] introduced the concept of critical friction angle, provided the criterion to determine whether
it was rolling or sliding between ping-pong and table/racket, and it further acquired the physical rebound model between the
two. Beside, based on the knowledge of algorithm, arebound model wasacquired by MLR. Finaly, it validated the effectiveness
of the two rebound models based on parameter estimation, experiment verification and error analysis.

3. Critical Friction Angle

3.1 Definition of Critical Friction Angle
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When the flying ping-pong hit toward a certain hitting surface, let & denote the angle between velocity of oncoming ball and
normal line on the hitting surface. When aisno lessthan 6, the rel ative motion between ping-pong and hitting surfaceissliding.
Otherwisg, itisarolling friction, and thisangle 6 isthe so-called critical friction angle. Thecritical friction angleisrelated to the
material of contacting plane and property of ping-pong, andisin acloserelation with friction coefficient and rebound coefficient
of contacting plane in particular. The derivation process for its analytic expression is shown as follows.

3.2Derivation Pprocessof Critical Friction Angle

This section takes the example of rebound phenomenon between ping-pong and table(figurel), and shows the solution of
critical friction angel. Firstly, it buildsaworld coordinate system(WCS) which takesthelonger edge of tableas X axis, the shorter
edgeasY axis, and the upward direction perpendicular to the plane of table asthe positive direction of Z axis. Secondly, let'V,
denote theincident vel ocity of ping-pong and o, denote the angular velocity acquired fromtheflight trajectory, let V, denotethe
passing velocity and o, denote the angular vel ocity of ping-pong after collision. Velocity and angular velocity was expressed by
X,y and zrespectively inthemeasure of X, Y and Z axis. For example, the velocity of oncoming ball isV, inthenormal line of ping-
pong table, namely the measure of Z axis. The variables of incidence and emergence are expressed in subscript i and e
respectively.
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Figurel. Rebound phenomenon between ping-pong and table

In the collision between ping-pong and table, ping-pong is constantly impacting thetable, and the velocity of Z axisisgradually
reduced. When reaching the minimum M, the velocity measure of ping-pong in Z axisis equal to zero, namely V. = 0 When
neglecting the rotation of ping-pong, it can be considered as the mass point. When taking account of itsrotation , the rebound
process between ping-pong and tableis analyzed based on the force analysis of the minimum. Let r denote the radius, and there
is no deformation of ping-pong in the rebound process between ping-pong and table, the vector from the center O to contact

point M isexpressed asOM = (0,0, - r)7, and the vel ocity at the point M is:

_ v.-To,
VM:V+OM><co= Vv, -fo,
0

Wherein o= o, a)ya)zj was the angular velocity of ping-pong.
Thevelocity at point M parallel to tableis shown infigure 2. It is shown from figure 2 that the vel ocity at point M is:

— _ 2 2
V= \/(vX ra)y) +(Vy+rcox)

And
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It is shown in paperg[6-7] that before and after rebound between ping-pong and table, when point M enjoys a consistent
velocity and direction parallel to the measure of table, arelative sliding isinduced between ping-pong and table. Otherwise, a
relativerolling isinduced. Next, the boundary conditions are acquired by analyzing the rebound model when thereisarelative
dliding between ping-pong and table, and then the analytic expression of critical friction angleis further obtained.

vorw,
Figure 2. Velocity in the horizontal direction on table at the point M

3.3Rebound M odédl in the Relative Sliding Between Ping-Pong and Table

When there is arelative sliding between ping-pong and table, make a force analysis of point M. Table enjoys a vertical and
upward support N and friction f in the horizontal direction. Let i denote the sliding friction coefficient between thetwo, and then
f meets the need of equation as follows:

f= uN,
Thefriction f and the velocity measurein the tangent line direction on hitting surface arein the opposite direction . Let m denote

2
the mass of ping-pong, P denoteitsimpulse, and | =3~ nMr* denoteitsrotational inertia. The rebound process between ping-
pong and tableis shown in figure 1. From the impul se theorem and the impul se moment theorem, we have:

mv,-mvV,=P )

lo,-1&,= OM x P @

The motion of ping-pong in the normal line direction on hitting surface is decoupled with its motion parallel to the hitting
surface. Next, this paper makes a discussion over the motion in these two directions respectively. Ping-pong simply receivesa
support in the normal line direction on hitting surface, thus the change in the motion velocity in the normal line direction on
hitting surface isonly related to N. Let e denote the elastic restitution coefficient of table, and then we have:

V_=-eV

€z
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Based on impul se theorem, then:
mV_-mV, =P =] Ndt=-(1+emv,,

Wherein Srefersto the action cyclein the collision between ping-pong and table. L et P, denote the impul se suffering the ping-
pong paralel to the hitting surface. According to the equation f = uN and the impulse theorem, the P, meets the need of
following equation:

S S
mv, -mv, =P =-[ fdt=-pu] Ndt=-uP,= (1+emuV,

P, and thevelocity v._at the point M in the tangent line direction on table enjoy a same direction, whilethefriction f and v, are
in an opposed direction. Thisiswhy thereisaMinus after the second sign of equality. It is shown in figure2 that theimpulsein
thedirection of X and Y axisare respectively:

P =P, sin0=—-u|P|sin6
P =P, c0s0=—u |P| cos 0
Then,

Pl [-ulP)sine
P=IP,| =|u|P|cos6
PZ P

z

Then substitute this into equation (1) and (2), and then have them simplified,
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Let o denote the angle between the velocity of oncoming ball and normal line on the hitting surface, namely let o denote the

\A|
Iv

ixy!

ping-pong and table can be expressed as follows:

incidence angle, and then we have ctg o = - Therefore, when considering the angular velocity, the rebound model between

3.4 Determination of Critical Friction Angle
It isshown in the rebound model acquired from the rel ative sliding between ping-pong and table in section 3.1 that the vel ocity
at the point M after rebound between ping-pong and table can be acquired from the following equation:

VT -5(12': &) ctgou (V,-re,)
V.- ra,
V= Vo F%| "l -re —5(1+e) cgauV, -ro)| =
0 iy ix r y
0
V -ro |
5(1+€ L 5(1+€

(1' (2 )uctg a) {v_ -rmyJ—( (2 )uctg a) @
iy iX
0

Because V,, and V,, arein asame direction, we can get 1- 51+e) uctgo > 0, thaIIStga>5(1 e) U,
2

( 5(1+6)
a >arctan > M

The boundary conditions for arelative sliding between ping-pong and table are o > arctan 5(17;6) /,l) . In other words, the

critical friction angle ¢ = arctan 5(1+e) mE We can reach asimilar conclusion by analyzing the rebound process between
ping-pong and racket. 2

3.5Rebound M odéd in Relative Rrolling Between Ping-Pong and Table

The derivation process of critical friction angleis stated as above. When the angle between the vel ocity of oncoming ball and
normal line on hitting surface is greater than or equal to the critical friction angle, thereisasliding friction between ping-pong
and table, and the rebound model is shown in equation (3).

When the incidence angle of velocity of oncoming ball islessthan the critical friction angle, thereisarelative rolling between
thetwo, and asmaller rolling friction which can be neglected. ThenwehaveP, =P =P, =0. Fromimpulsetheoremandimpulse
moment theorem, there is a fixed velocity and angular velocity parallel to the hitting surface. In the normal line direction on
hitting surface, there is a reduced velocity in the rate of restitution coefficient but a fixed angular velocity. When there is a
relativerolling between spinning ball and table, the rebound model isasfollows:

V=| Y ®

4. Rebound M odel Between Ping - PongAnd TableAcquired From TheK nowledgeof Algorithm

For stress of ping-pong in flight process is decoupled in the tangent line direction and normal line direction on hitting surface,
the rebound model is separately analyzed in two directions.
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Based on the analysis of force, impulse and impulse moment in the rebound between ping-pong and table, there is a reduced
speed in therate of restitution coefficient in the normal line direction on hitting surface but afixed angular velocity. In aword,
the velocity and angular velocity before and after rebound meets the following equation:

{ V=8,
O, = OB ©

In the tangent line direction on hitting surface, it is shown in the analysis process of section 3 that the velocity in direction of
X axisafter rebound isrelated tothevel ocity in direction of X axisand angular velocity indirection of Y axis before rebound, and
the angular velocity is related to that in the direction of X axis and velocity in the direction of Y axis before rebound.
Correspondingly, the velocity inthe direction of Y axis after rebound isrelated to the angular velocity inthe direction of X axis
and velocity in the direction of Y axis before rebound, and the angular velocity isrelated to that in the direction of Y axisand
velocity inthedirection of Y axisbefore rebound. This paper supposesthisto be alinear relation and fits the relation between
velocity and angular velocity before and after rebound by MLR.

Ve:r = kvleix + kvxZW;'y + bvx
V, =k, V,+k,0 +b,

wl® ix
Fy
Vex = kver;} + kxwzﬂ')}r + buf
hVey = kﬂleix + kvﬂwﬂ; + bvy @

Based on the detection data from several groups, the value of all parametersis acquired by MLR.
5. Rebound M odel Between Ping - PongAnd Racket

Thedifference of racket and table from the ping-pong sport liesin the following aspects: racket ismoving but thetableis static.
Therefore, the absolute motion of ping-pong the relative motion between ping-pong and racket + motion of racket. Thus the
rebound model between ping-pong and racket is introduced.

Therelation between velocity in WCS and velocity in racket coordinate system is expressed in the equation(8):
V=TeQ+ TeV. ®

WhereinV refersto thevelocity inthe WCS, T refersto the transformation matrix from WCSto racket coordinate system. T refers
to the derivative of T, eQ refers to the homogeneous coordinate in the racket coordinate system, and °V refers to the velocity
expressed in racket coordinate system.

Suppose that the position of racket at hitting moment stays static, itisall zero to solve the derivative of time by some elements
of rotation matrix in T matrix. However, it isnot zero to solve the derivative of time by thetranslation vector T in matrix. L et the

T
derivative of time by translation vector in T matrix be, (q q q and the velocity of racket at the hitting moment be,
= T, then: A 4

Vph (Vphx’ Vphy’ Vphz) ! .

0 0 0G][eq,| [0 00 V|| |Von

. o Vv \Yj
T.eQ:OOqu qy:000 Py qy = ™ :Vph (9)

0004, 0 00Vy,lle| [V

1

0000J 4] (0000 |

Substitute equation(9) into equation (8), then
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V=V, +T«V (20
Substitute the velocity of oncoming ball V,, and angular velocity «, acquired from flight trgjectory, the emergence velocity V, and
angular velocity w,of ping-pong after collision into equation (10) respectively. Besides, transform the equationsinto forms as
follows:
V.= TH(V,- V) (19)
V,=THV,-V,) (12)

As to angular velocity, for the position of racket at the hitting moment stays static, the relation between angular velocity
expressed in WCS and that expressed in racket coordinate system meets the following equation:

w=T®%o,thatis®o=T"'w
Substitute °V,, ¢V, and the former equation into equation(1) and (5) or (6) and (7), the rebound model of racket can be acquired.
6. Parameter Estimation

Let (1 +€e)u = n, then the equation (3) can be simplified into the linear system about parameter n and e.

V ctgoc(V—ra)) 0
V,- v}—n cga(V,- ra)) e{o}
0 0 Ve

Themotion trajectory for ping-pong in 12 groupsisacquired based on experimental platform. Thevelocity and angular velocity
before and after collision between ping-pong and table are acquired by method in literature]9]. Please refer to table 1.

No l-’r.f(m-s'l) ml.f(md-s ') V f(m-:z '] @, .f(rad-:z"]
U] (—092280-246T | (=3544280-729T | (0541972297 | (1135085—00)T
2| (—020,—=303,=257T | (—459,—437—4L1)T (—0.15,—208228T (124,135,998 T
3| 0453202607 | (02-234-1586T | (026,-214230T | (174745 —644)T
4 | pm—206-2601 (4722321283)T 04L,=192230T | (203803,~570)T
5| pa—sua—2ent | (—125-770-859T | 024-204239T | (42-117026T
f (0.29,—2.70,—2.50)T (—332, 388 —4H3T (0.16,—1.82,2.25T (14.0538,1.30)T
7| (—027,=270, =250 | (—373,-556,—523T | (—0.19,~1822.3/T (16.5,15.1,—647T
B | (—041,=304-286T | (—47.L,=B2-172T | (—029,—209245T | (143246,—187)T
9 | (—046,~264,—298T | (—541,—92—405T | (—032—L78—250T | (165167,~802)T
10| (—024=307,~260T | (—450,~265—200)T | (—0.18—211,-230T | (129209,—168T
1| (—052,=3.18,—268T | (—272—515—430T | (—035-217,-235T | (161206,—165T
12 | (035,=3107,-260T | (—536,—205—19.0T | (—025-22-239T | (115202,—180)T

Tablel. Measured Value of Velocity and Angular Vel ocity
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That is

v, [oEelera)l r g
Vv, - .:'.'g::r( ﬂ - rm,.,} 0
Ve |_ . 3{3(3:1{&':}. —re,) +d e
), =, Y 0
@, o, 3cfga{lr’" —rd, ) 0
| @ —an, | 1;{ | 0 | (13)

Giventhevelocity and angular vel ocity before and after the collision between ping-pong and table, there are only the parameter
n and e unknown in equation (13). Then the estimation of parameter 1 and e is acquired by the least square parameter
identification, and the estimation value of 1 is obtained by the formula of 1 = n/(1 + €), and the critical friction angle by the

equation of ¢ = arctan (@ u) . Theresults are shown as follows:

e=0.8788, u=0.1049, p=26.2318
7. Experment Verification

This paper namesthe model made up of equation (3) and(5) asthe physical model, and the model made up of equation(6) and (7)
asthe learning model. Besides, this paper substitutes the estimation value of parameter u and e acquired from the least square
parameter identification, velocity and angular vel ocity before collision between ping-pong and tableinto thetwo modelsin this
paper and themodel in literature] 3,6,7] respectively. Next, it makes acomparison among the vel ocity and angular vel ocity after
rebound from cal culation and the measured value. The estimated error among the velocity and angular velocity after rebound
from calculation for four rebound models and the measured data are shown in table 2 together with the comparison of error in
these models.

Variable | Physical model in this paper | learning model in Model in Model in
this paper literature[6-7] literature 3]
Vi Mean error ©,0,00023T | (0.0951,03805, | (0,0, 00023)T
lms') | (00420, 0.5344, 0.0023)T 0.0023)T
Maximal error {00073, (L0081, (.2524, 0.5490, {0,0119, 00866,
(0.2524, 1.0700, 00582T L0562 T 00584 T 00582T
Mean variance 0,0,00022T | (0.0204, 0.0195, (0, 0.0012,
(L0374, 00631, (LOZET 0.00240T 0.00225T
apf Mean error (0,0, 24.11)T (-2.36, 36,35, —
lrads”) (919, 4033, 24.11)T 24.11)T
Maximal error (231,245 (2746, 67.62, —
(2746, 67.62, 98.5NT O98.5NT UEANT
Mean variance (249, 3.87, (1734.3, B21.5, —
(28290, 553839, 97680 T 976.80T a8 T

Table2. Mean Error, Maximal Value and Variance of Estimated Results and M easured Value of Four Rebound Models
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In conclusion, two rebound modelsin this paper achieves good estimation results, and proves the effectiveness. By making a
comparison of two modelsin this paper with two modelsin literature[6,7] in their defects and merits, we can get the following
results:

1) These four rebound models are same in the direction of normal line on table. They enjoy a perfect estimation result for
velocity, but agreater error in estimation for angular velocity. However, the angular velocity in the direction of normal lineleaves
little effect on the accuracy of trgjectory prediction, which thus fails to affect the effectiveness of this model.

2) Inthedirection parallel to table, learning model in this paper achievesthe optimal estimation result. The estimation error for
angular velocity isobviously lessthan the physical model in this paper and modelsintheliterature[6,7] in particular. The model
in literature [3] enjoys a better estimation result for velocity. However, it fails to be applied widely without considering the
angular velocity. The estimation result for parametersin learning model is dependent on the sel ected measured data. In practical
application, it can help to further reduce the estimation error for the model by constantly updating the parametersin model from
onlinelearning.

3)The merits of the physical model in this paper compared with the rest three models lie in following aspects: there is more
definite physical significancein the derivation process, and the determination criteriafor motion types between ping-pong and
hitting surfaceisrelated to theincidenceinformation. However, the determination criteriain literature[6,7] isrelated to the output
information. The determination criteria in physical model from this paper can be acquired from the measured data before
rebound, whichismorereal-time and accurate. When thereisarelative rolling between ping-pong and tabl e, the physical model
in this paper enjoys a much more precise result compared with that in literature][6,7], which especially enjoys less estimation
error for angular velocity.

8. Conclusion

Based on analysis of momentum and angular momentum in the rebound between ping-pong and table/racket, this paper
introduced the concept of critical friction angle. Besides, it provided the criterion to determine whether it was sliding or rolling
between ping-pong and table-racket. When the flying ping-pong hit toward the certain hitting surface, the angle between the
velocity of oncoming ball and the normal linedirectionin the hitting surfaceisgreater than or equal to the critical friction angle,
thereisasdliding motion between ping-pong and hitting surface. Otherwise, when theincidence angleislessthan critical friction
angle, thereisarolling motion between the two and arebound model isfurther acquired between ping-pong and table based on
that. According to the analysis of physical process, the mutual relation between al variables is acquired and akind of linear
rebound model is acquired by learning and linear simulation of multiple variables. The simulation experiment proved the
effectiveness of this model.
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